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Deﬁnitions and Theorems 4 ra# Ly # L (b) Poles of order 2 exist. Proof. Let{q,...,qn} be prime factors of 2n — 1, such that 2n — 1 = Hl]\il g,and q; < ¢ < --- < gy
(f‘;— % it Poles of order 2 exist in case (1 —1,/1 4 1,)Y/% = (1 — 7, /1 4 1) for ro, 7, < 1, or in case Let Sy, 1 be the set of all combinations of the product of any selection from {q,...,qn}. Du-
) = ok 4 1+ ) ol | 1—ry % (16) (re — 1/1 4 7)Y = (ry — 1/1 + 1) Y2 for ro, 1, > 1. plication of members in Sy, ; is not allowed. (e} as, 1) is nonzero for 3s € N, such that
y N . a4 ) (224 52 . C)(@m—1) = 2n— 1. .
Definition 1. Q is positive real. Let a,(r,w) be a function; a,, : (0,00) x [0,9Q] > (r,w) — C, such that < L VAN Lorg,mp <1 , B (25 —1)(2m — 1) = 2n — 1 (2. in proof of theorem 3). Thus, "n > 2;
Poles of order 2 exist only for k£ + [ = odd, and are located at z, = £w~, such that
JF The poles inside the unit circle C' are located at z, = wj[ or w, defined by Egs. (9)-(10). The
. = N). 1 residue corresponding to w is 1
an(, ) cos(2mnw/Q) + ir sin(2mnw/Q) (n € N) M P s ! 1 1/2k 1\ V2 147 (r—1\"" r— 1)\ ()
wzi( T“) =z‘( ”’) . (32) wa=—5m ) - 2 aliy | “44)
2/Tal wFt! L+7, L+, 4€San_1\{2n—1}
o ald q
Definition 2. f € L2([0,Q],w/Q); Res. i 9@ = — 1= A =) Wy an
! e Let ()_(z) be a polynomial function defined by
(f) = Q 00 fdw. (2) If 2n — 1 is a prime number, Sy, 1 = {2n — 1}. Then, ¢y, 1 = —%% (%)n_l. For the other cases,
Yee{l,-- 1} w;t+l2k = wizk For k + 1 = odd, the sum of the residues corresponding to w;" and . z 3C0y,_1 € (0,00), such that
—+ .
w,, vanishes. Thus, (a* b,) = 0 for k + | = odd, and 2 _2 2 _2
Theorem 1. "n € N; ||a,|| = 1. att Q-(2) = H (2" —w,") H (22 —w,”),
Proof. 'n € N: da=1,qa#(k+1)/2 a=1,qp#(1+1)/2 . Liqi-1)
’ +h+ (33) C L 45
<CL* b > _ 4 TaTh Z wq (18) ’027171’ < 2n71‘c2n—1/q1| 1+ r ( )
o 1 @ r do — 1 [ r g — 1 1 me l(l—rb)q:1(1—ra)wgt2k+1+7“a
1l =4 | o) 1 s/ © = o )y wvotrsmo @b @) and the residues are represented, as follows:
for k & [ — even The relation is recursively applied to [can—1/q, |, [C2n—1/gig]> €tc. Thus, |co,—1| satisfies the following
where & = 2mnw/Q. Thus, ||a,|| = v/(|a.]?) = 1. O ' k-2 - - - dition, 2C' € (0, 00), such that
/ fau ol From the results in all the cases 1-4, (a*b,) = 0 for k + | = odd. O Res, . [S(z)] — A Tarpw™ T (k+ 1= 1D)Q_(w™) —w™ Q" (w™) condition, C' € (0, 00), such tha
T (1+7a)(1+ 1) Q2 (w™)
Theorem 2. "n € N; (a,) = 0. Y N ) . L (34) (5 ae)
Theorem 4. ,n € N; (a,,b,) =0 =odd, s.t. (k, ] t ,1). _ _ _ _ B _ 1z Zima
Proof. “n € N; myn € N; {amba) = 0for k+1 = odd, si. (k,1) are a coprime set of (m, ) . S = W) (e 1= 1Q_ () —w @ (w) emn] < €| =2 | (46)
Proof. p € N, st. m = pk and n = pl. Let 2, be a complex e?mw/® (q,.b,) is represented by a R S 2 (14 174)(1 +14) Q% (w™) ' L4r
1 2 NG 1 27 NG contour integral along the unit circle C, as follows: (35)
n) = — dw = — do. 4
(an) Q/O cos(2mnw/Q) + irsin(2mnw/Q) YT on o Ccosw —+irsinw “ ) : o i . -
1 2\ /fa N From the theorem of prime factorization, the upper limit of N is log(2n — 1)/ log 3, and the lower limit
B _ a . . . . . v =
For r = 1, (a,) = 0. For r # 1, let z be a complex ¢’ located on a unit circle C' on the complex plane. (ambn) = 2mi fé (T+ra)zf + (L —ra)z,* (1 +1p)z) + (1 —1p)2," @ 1 ii ;Fhf;bSl;mlof fhe two residues vanishes because £+ {1 odd of 2 s 3los(2n = 1)/ log. Therefore, T € N; 7€ (0,00), such tha
The above integral is allowed to be a contour integral along C'. Poles of order 2 are located at z, = -, such that
2y/r Let S(z,) be an integrand of Eq. (19). _ 1 |lee@n=1)/log3
_ Lir P c el 47
<an> = % CZQ_'__dZ. (5) 1 ry =Ty = 1 ra—l 1/2k frb_l 1/21 | 2n—1| ]_+T ( )
1+r S _ —k—l-1 20 U)+ = — . (36)
(2p) = 2,""" (20) 147, 1+ 7
The poles of the integrand are located at +i\/1 —r/1+r (r < 1), or £4/r —1/1+7r (r > 1). The - _ , L o -
residues corresponding to the poles have the same absolute value and opposite signs, so the integration The order of the pole is larger than 1. Thus, {a,,b,) = 0 for all , I . . Thus, d’ Alembert’s ratio test (|can+1/c2n-1| < 1) indicates that 377, |c2,—1| converges absolutely. [
vanishes. Then, (a,) = 0. ] 2.1 =11 # 1. Let QQ, (z) be a polynomial function defined by
27
Theorem 3. "m,n € N; (a’b,) = 0 for k + 1 = odd, s.t. (k,l) are a coprime set of (m,n). %+ im, Q+(2) ﬁ( ? +2) ﬁ( ? +2) 37) Theorem 7. 15, | = r ("n € N). Then, the following series uniformly converges
Tipw * : +\%) = Z = w,, Z5—w ,
Proof. HP € N,s.t. m = pkand n = pl. Let z, be a complex >/ (az by) is represented by a The following power series converges because of |1 — /1 + 7,| < 1. ga=1 ! a=1 "
contour integral along the unit circle C, as follows:
(@’ ,by) = 1 j{ 2y/Ta 2y/1y -1, 6) S(z,) = Z ry — 1 _k_(2q+1)l_1' 22) and the residues are represented, as follows: Z C2n—102n—1- (48)
omi Jo (1— Ta) 2k + (1 414)2,% (L +1p)2) + (1 —13) 2" G ») T 147, L+ “
. A rarow ™ (k41— DQ4 (wh) — wh @, (w)
Let S(z,) be an integrand of Eq. (6). Res. _ = a’h * + v . 3
Ly p_ S For all k, [, the residue is 0. Thus, (a,,b,) = 0 for all k, [. 5z [5(z)] (14+7r,)(1+1) Q% (wh) Proof. "n € N; |ag1| < max(y/r, 1/y/r) < oo. Then, “A € (0, 00), such that
e Tq =Tp = 1.
S(zp) = z;f*lfl. (7) 3.rg# 1,y = 1. il (38)
2V/ra 4yfrarp(—w ) T (k1 -1 wh) —wtQ' (w* . o
The contour integral, Eq. (6), gives 1 only for the case £ = [, and 0 for the other cases. k and [ S(z,) = H—“{ SR=l=1 (23) Res. —_.,+[S(2,)] = . ol . ) ( )Q+(2 )+ Q4 ) <A 4
should be 1 for k = [ because they are a coprime set. Thus, (a},b,) = 0 for k # [, and (a} b,) = 1 2k e P (14 ra)(1+m) Q% (w) (39 Z |€2n-10201] Z 201 (49)
fork=1=1.
2 =1, # 1. The above representation is identical to Eq. (21). Thus, {(a,,b,) = 0 for all k, [.
2./ B : :
S(z,) = Ltre k-1 (8) 4.ra#Lm # L. N For k +1 = O_dd’ the surp of the two residues vanishes. From theorem 6, Zf;l |can_1| converges absolutely. Thus, the series (48) uniformly converges. ]
Py Lo P ra) () i1 The other poles give the residues represented by Eqgs. (29)—(30). Thus, (a,,b,) = 0for k + [ =
P A S(z) = o (24) odd.
v (e e) (2 )
Poles are located at z, = w,” or w,’, such that S L AN From the results in all the cases 1-4, {(a,,b,) = 0 for k + | = odd. O .
Th 8. rop1 = eN)=
N Poles are located at z, = w," or w, , and z, = w; or w,, such that corem 8. ryy =1 ('n )
r Tiq/l >
wy = <1 T Tb) et formy, > 1, ©) Definition 3. Ler M (p, q) be a map; M : N? 5 (p,q) — N, such that M (p, q) = 2P~(2¢ — 1). A set a, e = Z Com102m_1- (50)
1 1/21 o1\ /2 p (p € N+ 0) is defined by —
— . + a TiqQq
w, = (1 — T”) em D forpy, < 1 (10) Voo = (1 s > emaeit forrg > 1, (25)
r a
b 1_ 1/2k ay = {1} (40) Proof. Let ds,,_1 be a complex coefficient. Assume e; = 220:1 dop_1@9,—1, and also assume its uniform
- _ a 7i(2qa—1)/2k - ) ) — ) —
where g € {1,---,21}. Vg € {1, I} wi ol = —w;t. The residues corresponding to w, and w; Yaa (1 + Ta> ¢ forre <1 (26) a, = {ampq|q € N} + {a7\/[(p,q)| q € N} (p € N). 41) convergence. (eie}) = di{aie}) = 1, and
are represented as follows, 1\ V2
wl = ( 1b ) e/t forr, > 1, (27) .
Res, _ +[S(z,)] = — VT wE (11) o 1/21 (ere5, 1) = Z dom—1{a2m—-1€3, 1) =0 (51)
P b (1—mrp) 1 w- = L—m emiCn1/2 g ] (28) Definition 4. Let X' (a,) (p € N + 0) be a function space spanned by a,,. Equivalence relation between —
® 1+ f € L*and g € X(a,) is introduced, such that ||f — g|| = 0 = f ~ g. A function space X (a,) is
For k + [ = odd, the sum of the residues corresponding to w7 and w;il vanishes. Thus, (a* b,) =0 defined by X (a,) = {f € L?*|7g € X(a,) s.t. f ~ g}.
for k41 = odd, and (a;,b,) = —2/7/1(1 —14) 22:1 w;tkH for k + [ = even. The sum is non-zero where g, € {1,--+,2k}, qy € {1,-+-,20}. Vg € {1, , k}; wi% — —wE. Vg € {1,---,1}; for n > 2. Then, d,, = ¢, (n € N). The series uniformly converges as proved in theorem 7. O
Iy for th k1) = (25 —1,1) forall s € N, and th + 4
only for the case (k,1) = (2s ) for all s and then wi = —w,. Theorem 5. p, # py, "p1,p2 € N+ 0; X(a,,) L X(a,,).
2y (1 —1 ° (a) All poles are of order 1. Proof. Assume p; > p, without loss of generality. For p, = 0, 'n € N; (a,) = 0 (theorem 2). Thus
mbn) = — : 12 i i * * ' T &€ Y- P2 ’ Lo\ ' ’ Theorem 9. r, =7 ("n € N) =
(@, bn) 1—r (1 +7“b) (12) The residues corresponding to w;,, and w;, are X(ay,) L X(ao). For p; > 0, X(ay,) is spanned by {aM(p17q1)7aM(p1,q1)| ¢ € N}, and X(a,,) by ( )
{ar(p2.02)) Qs (pp.g0)| 2 € N} A coprime set of M (p1, q1) and M (pa, g2) is 271 772(2¢; — 1) and 2G> — 1,
3.r, ALy =1 NG wE where 2¢; — 1 and 2¢, — 1 are a coprime set of 2¢; — 1 and 2¢> — 1. The sum is odd for any pairs of py,
a I . - a qa _ . . .
?\_/_E N Reszp:wi [S(z)] = — RO T i 5 o (29) P2 1 and ¢, because 2P* 72 is always even. Then, every inner product between the members in a,, and e, = Z Com 1031 (vn e N). (52)
S(z,) = e L (13) a da . a,, is orthogonal (theorems 3 and 4). Thus, X (a,,) L X(a,,).
I it [
P 1—r R 1S(2,)] 2,\/rq1y wéi 30)
es = — :
The poles inside the unit circle C' are located at z, = 0 for k& < [. The following power series zp=wy, 17\ H(1+7)(1—1p) w 2k 4 % Definition 5. L 1 N) b be e=2mmw/Q gna - I '
converges because of |1 — r, /1 +r,| < 1. ‘ ree r?;gftg db ft T;LLSZZ t})za(tn € N) be an argument of ay, er, be e » and Con—y is a real coefficient Proof. Let e;(w) and ag,,—1(w) be defined in w € [0,n82] (n € N), and w,, = w/n. From the definition,
P Y e1(w) for w € [0,9] is equal to e;(n2 4+ w) (n € N), and ag,_1(w) = agy,—1(n2 + w). This indicates
o 2 e Sn (e — 1\ o For k + | = odd, the sum of the residues correspondmg to w and wq + vanishes, and the sum that the series expansion of e; (theorem 8) can be defined in w € [0, n€]. e;(nw,) and ag,_1(nw,) are
2y TS (%) = (—> o (14) of the residues corresponding to w* and w ; also Vamshes Thus, {(a,b,) = 0 for k +1 = 1 equal to e, (wy) and a(2m—1)n(wn), respectively. Thus, the series expansion by Eq. (52) is available for
]'+Taq:0 1+Ta dd d a a+ ].—l—?"l €2m 1a2n— 1) WG[O Q] m
odd, an == G = Z S 2m L 1 (0> 2). (42) 4.
VT —1 (€5—102m—1)
The (I — k)th order differential of 2, **"*15(z,) is derived, as follows:
k + k+1
< b > 4. /ra7s Z w,,
am = — _ A4 oo 72
di-* kg ) 2,/Ta (2kq)! T AP s k(1 —ra) — (1+ Tb)w(im T1-n Theorem 10. r,, = r ("n € N) = P~ X(a,) = L.
—lfk Zp D — — | Zp . @ _ v . . oo
dz} 147, U 2kqg+ k-0 \1+7, N qjiku Theorem 6. ry, 1 = r ("n € N). Then, the following series converges absolutely. Proof. "p,q € Ni exp = S 1 Camo10(am_nai(pg (theorem 9). Ym,q € Ni 3¢, € N, such
I —1y) (1 +ra) o= + 11 3D that 2g,, — 1 = (2¢ — 1)(2m — 1). Then, am—1)m(p,q) i @ basis belonging to X (a,) because of
Then, residue of S(z,) is nonzero only for the case (I — k)/2k € N + 0. Thatis [ = (2s — 1)k for w=1 ° o0 M(p,qm) = (2m — 1)M(p, q). Thus, all the bases ey, q) in X, can be represented by a series of
all s € N. Thus, (a},b,) = 2(l — )!\/Ta/(1+74)(ra — 1/1 +1,)"="Y/2 only for (k1) = (1,2s — 1) Z lcon—1]. (43) the bases in X (a,). This indicates X(a,) 2 X". Therefore, X(a,) = X, for all p € N. Thus,
(s € N), and (a},b,) = 0 for the other cases. for k + | = even. n=1 D,2, X(a,) = L. O



