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後藤浩之（京都大学　防災研究所）

はじめに
　地盤震動特性は地震ハザードを理解する上で重要な要素の１つである．従来，
様々な方法で定量的にモデル化をする試みがなされてきたが，広い範囲で面的
に評価するためにはAVS30などの単純化された指標に頼らざるを得なかった．
また，確率的に地盤増幅特性を与えるためには，地盤増幅特性の主要な特徴を
うまく取り込んでモデル化する必要がある．
　本研究では，単純でありながらも物理的背景を持つような構造の重ね合わせ
によって複雑な地盤増幅特性を表現する手法を提案する．

２層系地盤伝達関数による級数展開
　任意のL2関数f (ω)（ω ∈ [0,Ω]）に対して次のような級数展開が一意に存在
する．

f (ω) = b0 +
∞∑
n=1

bnan(ω) +
∞∑
n=1

dna
∗
n(ω).

an(ω)は次のように定義される基底で，非減衰の表層と基盤とからなる２層系
地盤伝達関数のスカラー倍に一致する．

an(ω) ≡
√
r

cos(2πnω/Ω) + ir sin(2πnω/Ω)
.

（参考）級数展開の存在に関する定理とその証明を下に掲載します．

級数展開を利用した地盤増幅の分解法
　級数展開のパラメータr，Ω (= mdΩ)は任意に与えることができるため，対
象とする地盤増幅特性Hf(ω)に近い基底hm

f (r, ω)を含むように定めることにす
る．ここでは，次のJm(r)を最小化するrとmを採用する．

Jm(r) ≡
∫ Ω′

0 |Hf(ω)− hm
f (r, ω)|2dω√∫ Ω′

0 |Hf(ω)|2dω
√∫ Ω′

0 |hm
f (r, ω)|2dω

,

　ただし，Hf(ω)の定義域 [0,Ω′]は別の制約によって定まることが多いため，関
数形が不定となる範囲(Ω′,Ω]を拘束するためのノルム最小化条件（J2）を加える．

J = J1 + εJ2 −→ min .

J1 =
1

Ω′

∫ Ω′

0

|Hf(ω)− b0 −
n∑

m=1

bmam +

n∑
m=1

dma
∗
m|2dω,

J2 = |b0|2 +
n∑

m=1

|bm|2 +
n∑

m=1

|dm|2 −
K∑
k=1

|bnk|
2.

３層系の場合
　３層系水平成層構造の伝達関数に対してJm(r)が極小を与える２項を含むよ
うに基底を構成し，伝達関数の分解を試みた．ターゲットの伝達関数と比較し
て，２つの基底の重み付き和はその特徴をある程度再現している．また，それ
ぞれの基底に対応する構造は，元の３層系の構造との関連がみられる．

ρ [kg/m3] VS [m/s] H [m]
surface layer #1 1500 200 5
surface layer #2 1800 350 27

basement 2000 1000 –
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ランダムに生成した多層系の場合
　ランダムに生成した６層系の伝達関数について同様の手法で分解を試みた．
再表層と基盤の物性は固定し，中間層の物性をランダムに与えた100モデルに
ついて検討する．分解に用いた基底は，中間層が全て再表層と同じ物性であっ
た場合（赤モデル）と中間層が全て基盤と同じ物性であった場合（青モデル）と
し，その２つの基底を含む級数によって元の伝達関数を表現する．

ρ [kg/m3] VS [m/s] h H [m]
surface layer #1 1500 200 0.02 10.0

surface layer #2–#6 1500–2000 200–1000 0.02 variable†

basement 2000 1000 0 –
† One-way走時が0.125秒となるように定める
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　それぞれの基底に掛かる係数の絶対値を中間層の平均インピーダンス比で整
理したところ，平均インピーダンスが減少するにつれて赤モデルの係数が増加
し，逆に平均インピーダンスが増加するにつれて青モデルの係数が増加する傾
向が見られた．これは，基底に掛かる係数が各モデルの貢献度に相当するよう
な物理的な意味を持つことを示している．
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Definitions and Theorems
Definition 1. Ω is positive real. Let an(r, ω) be a function; an : (0,∞)× [0,Ω] ∋ (r, ω) → C, such that

an(r, ω) ≡
√
r

cos(2πnω/Ω) + ir sin(2πnω/Ω)
(n ∈ N). (1)

Definition 2. f ∈ L2([0,Ω], ω/Ω);

⟨f⟩ ≡ 1

Ω

∫
[0,Ω]

fdω. (2)

Theorem 1. ∀n ∈ N; ∥an∥ = 1.

Proof. ∀n ∈ N;

⟨|an|2⟩ =
1

Ω

∫ Ω

0

r

cos2(2πnω/Ω) + r2 sin2(2πnω/Ω)
dω =

1

2π

∫ 2π

0

r

cos2 ω̃ + r2 sin2 ω̃
dω̃ = 1, (3)

where ω̃ = 2πnω/Ω. Thus, ∥an∥ =
√

⟨|an|2⟩ = 1.

Theorem 2. ∀n ∈ N; ⟨an⟩ = 0.

Proof. ∀n ∈ N;

⟨an⟩ =
1

Ω

∫ Ω

0

√
r

cos(2πnω/Ω) + ir sin(2πnω/Ω)
dω =

1

2π

∫ 2π

0

√
r

cos ω̃ + ir sin ω̃
dω̃. (4)

For r = 1, ⟨an⟩ = 0. For r ̸= 1, let z be a complex eiω̃ located on a unit circle C on the complex plane.
The above integral is allowed to be a contour integral along C.

⟨an⟩ =
1

2πi

∮
C

2
√
r

1+r

z2 + 1−r
1+r

dz. (5)

The poles of the integrand are located at ±i
√
1− r/1 + r (r < 1), or ±

√
r − 1/1 + r (r > 1). The

residues corresponding to the poles have the same absolute value and opposite signs, so the integration
vanishes. Then, ⟨an⟩ = 0.

Theorem 3. ∀m,n ∈ N; ⟨a∗mbn⟩ = 0 for k + l = odd, s.t. (k, l) are a coprime set of (m,n).

Proof. ∃p ∈ N, s.t. m = pk and n = pl. Let zp be a complex e2πipω/Ω. ⟨a∗mbn⟩ is represented by a
contour integral along the unit circle C, as follows:

⟨a∗mbn⟩ =
1

2πi

∮
C

2
√
ra

(1− ra)zkp + (1 + ra)z−k
p

2
√
rb

(1 + rb)zlp + (1− rb)z−l
p

z−1
p dzp. (6)

Let S(zp) be an integrand of Eq. (6).

1. ra = rb = 1.
S(zp) = zk−l−1

p . (7)

The contour integral, Eq. (6), gives 1 only for the case k = l, and 0 for the other cases. k and l
should be 1 for k = l because they are a coprime set. Thus, ⟨a∗mbn⟩ = 0 for k ̸= l, and ⟨a∗mbn⟩ = 1
for k = l = 1.

2. ra = 1, rb ̸= 1.

S(zp) =

2
√
rb

1+rb

z2lp + 1−rb
1+rb

zk+l−1
p (8)

Poles are located at zp = w+
q or w−

q , such that

w+
q =

(
rb − 1

1 + rb

)1/2l

eπiq/l for rb > 1, (9)

w−
q =

(
1− rb
1 + rb

)1/2l

eπi(2q−1)/2l for rb < 1 (10)

where q ∈ {1, · · · , 2l}. ∀q ∈ {1, · · · , l}; w±
q+l = −w±

q . The residues corresponding to w+
q and w−

q

are represented as follows,

Reszp=w±
q
[S(zp)] = −

√
rb

l(1− rb)
w±

q
k+l

. (11)

For k + l = odd, the sum of the residues corresponding to w±
q and w±

q+l vanishes. Thus, ⟨a∗mbn⟩ = 0

for k+ l = odd, and ⟨a∗mbn⟩ = −2
√
rb/l(1− rb)

∑l
q=1 w

±
q
k+l for k+ l = even. The sum is non-zero

only for the case (k, l) = (2s− 1, 1) for all s ∈ N, and then

⟨a∗mbn⟩ = −
2
√
rb

1− rb

(
rb − 1

1 + rb

)s

. (12)

3. ra ̸= 1, rb = 1.

S(zp) =

2
√
ra

1−ra

z2kp + 1+ra
1−ra

zk−l−1
p . (13)

The poles inside the unit circle C are located at zp = 0 for k ≤ l. The following power series
converges because of |1− ra/1 + ra| < 1.

z−k+l+1
p S(zp) =

2
√
ra

1 + ra

∞∑
q=0

(
ra − 1

1 + ra

)q

z2kqp . (14)

The (l − k)th order differential of z−k+l+1
p S(zp) is derived, as follows:

dl−k

dzl−k
p

[z−k+l+1
p S(zp)] =

2
√
ra

1 + ra

∑
q>[(l−k)/2k]

(2kq)!

(2kq + k − l)!

(
ra − 1

1 + ra

)q

z2kq+k−l
p . (15)

Then, residue of S(zp) is nonzero only for the case (l − k)/2k ∈ N + 0. That is l = (2s− 1)k for
all s ∈ N. Thus, ⟨a∗mbn⟩ = 2(l− 1)!

√
ra/(1+ ra)(ra− 1/1+ ra)

(l−1)/2 only for (k, l) = (1, 2s− 1)
(s ∈ N), and ⟨a∗mbn⟩ = 0 for the other cases.

4. ra ̸= 1, rb ̸= 1.

S(zp) =

4
√
rarb

(1−ra)(1+rb)(
z2kp + 1+ra

1−ra

)(
z2lp + 1−rb

1+rb

) zk+l−1
p . (16)

The poles inside the unit circle C are located at zp = w+
q or w−

q defined by Eqs. (9)–(10). The
residue corresponding to w±

q is

Reszp=w±
q
[S(zp)] = −

2
√
rarb

l(1− ra)(1− rb)

w±
q
k+l

w±
q
2k + 1+ra

1−ra

. (17)

∀q ∈ {1, · · · , l}; w±
q+l

2k
= w±

q
2k. For k+ l = odd, the sum of the residues corresponding to w±

q and
w±

q+l vanishes. Thus, ⟨a∗mbn⟩ = 0 for k + l = odd, and

⟨a∗mbn⟩ = −
4
√
rarb

l(1− rb)

l∑
q=1

w±
q
k+l

(1− ra)w±
q
2k + 1 + ra

(18)

for k + l = even.

From the results in all the cases 1–4, ⟨a∗mbn⟩ = 0 for k + l = odd.

Theorem 4. ∀m,n ∈ N; ⟨ambn⟩ = 0 for k + l = odd, s.t. (k, l) are a coprime set of (m,n).

Proof. ∃p ∈ N, s.t. m = pk and n = pl. Let zp be a complex e2πipω/Ω. ⟨ambn⟩ is represented by a
contour integral along the unit circle C, as follows:

⟨ambn⟩ =
1

2πi

∮
C

2
√
ra

(1 + ra)zkp + (1− ra)z−k
p

2
√
rb

(1 + rb)zlp + (1− rb)z−l
p

z−1
p dzp. (19)

Let S(zp) be an integrand of Eq. (19).

1. ra = rb = 1.
S(zp) = z−k−l−1

p . (20)

The order of the pole is larger than 1. Thus, ⟨ambn⟩ = 0 for all k, l.

2. ra = 1, rb ̸= 1.

S(zp) =

2
√
rb

1+rb

z2lp + 1−rb
1+rb

z−k+l−1
p . (21)

The following power series converges because of |1− rb/1 + rb| < 1.

S(zp) =
2
√
rb

1 + rb

∞∑
q=0

(
rb − 1

1 + rb

)q

z−k−(2q+1)l−1
p . (22)

For all k, l, the residue is 0. Thus, ⟨ambn⟩ = 0 for all k, l.

3. ra ̸= 1, rb = 1.

S(zp) =

2
√
ra

1+ra

z2kp + 1−ra
1+ra

zk−l−1
p . (23)

The above representation is identical to Eq. (21). Thus, ⟨ambn⟩ = 0 for all k, l.

4. ra ̸= 1, rb ̸= 1.

S(zp) =

4
√
rarb

(1+ra)(1+rb)(
z2kp + 1−ra

1+ra

)(
z2lp + 1−rb

1+rb

) zk+l−1
p . (24)

Poles are located at zp = w+
qa or w−

qa , and zp = w+
qb

or w−
qb

, such that

w+
qa =

(
ra − 1

1 + ra

)1/2k

eπiqa/k for ra > 1, (25)

w−
qa =

(
1− ra
1 + ra

)1/2k

eπi(2qa−1)/2k for ra < 1 (26)

w+
qb

=

(
rb − 1

1 + rb

)1/2l

eπiqb/l for rb > 1, (27)

w−
qb

=

(
1− rb
1 + rb

)1/2l

eπi(2qb−1)/2l for rb < 1 (28)

where qa ∈ {1, · · · , 2k}, qb ∈ {1, · · · , 2l}. ∀qa ∈ {1, · · · , k}; w±
qa+k = −w±

qa . ∀qb ∈ {1, · · · , l};
w±

qb+l = −w±
qb

.

(a) All poles are of order 1.
The residues corresponding to w±

qa and w±
qb

are

Reszp=w±
qa
[S(zp)] = −

2
√
rarb

k(1− ra)(1 + rb)

w±
qa

k+l

w±
qa

2l + 1−rb
1+rb

(29)

Reszp=w±
qb
[S(zp)] = −

2
√
rarb

l(1 + ra)(1− rb)

w±
qb

k+l

w±
qb

2k + 1−ra
1+ra

. (30)

For k+ l = odd, the sum of the residues corresponding to w±
qa and w±

qa+k vanishes, and the sum
of the residues corresponding to w±

qb
and w±

qb+l also vanishes. Thus, ⟨ambn⟩ = 0 for k + l =
odd, and

⟨ambn⟩ = −
4
√
rarb

k(1− ra)

k∑
qa=1

w±
qa

k+l

(1 + rb)w±
qa

2l + 1− rb

−
4
√
rarb

l(1− rb)

l∑
qb=1

w±
qb

k+l

(1 + ra)w±
qb

2k + 1− ra
(31)

for k + l = even.

(b) Poles of order 2 exist.
Poles of order 2 exist in case (1− ra/1+ ra)

1/2k = (1− rb/1+ rb)
1/2l for ra, rb < 1, or in case

(ra − 1/1 + ra)
1/2k = (rb − 1/1 + rb)

1/2l for ra, rb > 1.
i. ra, rb < 1

Poles of order 2 exist only for k + l = odd, and are located at zp = ±w−, such that

w− = i

(
1− ra
1 + ra

)1/2k

= i

(
1− rb
1 + rb

)1/2l

. (32)

Let Q−(z) be a polynomial function defined by

Q−(z) =
k∏

qa=1,qa ̸=(k+1)/2

(z2 − w−
qa

2
)

l∏
qb=1,qb ̸=(l+1)/2

(z2 − w−
qb

2
),

(33)

and the residues are represented, as follows:

Reszp=w− [S(zp)] =
4
√
rarbw

−k+l−2

(1 + ra)(1 + rb)

(k + l − 1)Q−(w
−)− w−Q′

−(w
−)

Q2
−(w

−)

(34)

Reszp=−w− [S(zp)] =
4
√
rarb(−w−)

k+l−2

(1 + ra)(1 + rb)

(k + l − 1)Q−(w
−)− w−Q′

−(w
−)

Q2
−(w

−)
.

(35)

The sum of the two residues vanishes because k + l is odd.
ii. ra, rb > 1

Poles of order 2 are located at zp = ±w+, such that

w+ =

(
ra − 1

1 + ra

)1/2k

=

(
rb − 1

1 + rb

)1/2l

. (36)

Let Q+(z) be a polynomial function defined by

Q+(z) =
k−1∏
qa=1

(z2 − w+
qa

2
)

l−1∏
qb=1

(z2 − w+
qb

2
), (37)

and the residues are represented, as follows:

Reszp=w+ [S(zp)] =
4
√
rarbw

+k+l−2

(1 + ra)(1 + rb)

(k + l − 1)Q+(w
+)− w+Q′

+(w
+)

Q2
+(w

+)

(38)

Reszp=−w+ [S(zp)] =
4
√
rarb(−w+)

k+l−2

(1 + ra)(1 + rb)

(k + l − 1)Q+(w
+)− w+Q′

+(w
+)

Q2
+(w

+)
.

(39)

For k + l = odd, the sum of the two residues vanishes.
The other poles give the residues represented by Eqs. (29)–(30). Thus, ⟨ambn⟩ = 0 for k + l =
odd.

From the results in all the cases 1–4, ⟨ambn⟩ = 0 for k + l = odd.

Definition 3. Let M(p, q) be a map; M : N2 ∋ (p, q) → N, such that M(p, q) = 2p−1(2q − 1). A set ap

(p ∈ N+ 0) is defined by

a0 ≡ {1}. (40)
ap ≡ {aM(p,q)| q ∈ N}+ {a∗M(p,q)| q ∈ N} (p ∈ N). (41)

Definition 4. Let X (ap) (p ∈ N+ 0) be a function space spanned by ap. Equivalence relation between
f ∈ L2 and g ∈ X (ap) is introduced, such that ∥f − g∥ = 0 ⇒ f ∼ g. A function space X(ap) is
defined by X(ap) ≡ {f ∈ L2| ∃g ∈ X (ap) s.t. f ∼ g}.

Theorem 5. p1 ̸= p2, ∀p1, p2 ∈ N+ 0; X(ap1) ⊥ X(ap2).

Proof. Assume p1 > p2 without loss of generality. For p2 = 0, ∀n ∈ N; ⟨an⟩ = 0 (theorem 2). Thus,
X(ap1) ⊥ X(a0). For p2 > 0, X(ap1) is spanned by {aM(p1,q1), a

∗
M(p1,q1)

| q1 ∈ N}, and X(ap2) by
{aM(p2,q2), a

∗
M(p2,q2)

| q2 ∈ N}. A coprime set of M(p1, q1) and M(p2, q2) is 2p1−p2(2q̃1 − 1) and 2q̃2 − 1,
where 2q̃1 − 1 and 2q̃2 − 1 are a coprime set of 2q1 − 1 and 2q2 − 1. The sum is odd for any pairs of p1,
p2, q1, and q2, because 2p1−p2 is always even. Then, every inner product between the members in ap1 and
ap2 is orthogonal (theorems 3 and 4). Thus, X(ap1) ⊥ X(ap2).

Definition 5. Let rn(̸= 1) (n ∈ N) be an argument of an, en be e−2πinω/Ω, and c2n−1 is a real coefficient
represented by rn, such that

c1 =
1 + r1
2
√
r1

, c2n−1 = −
n−1∑
m=1

⟨e∗2m−1a2n−1⟩
⟨e∗2m−1a2m−1⟩

c2m−1 (n ≥ 2). (42)

Theorem 6. r2n−1 = r (∀n ∈ N). Then, the following series converges absolutely.

∞∑
n=1

|c2n−1|. (43)

Proof. Let {q1, . . . , qN} be prime factors of 2n−1, such that 2n−1 =
∏N

l=1 ql, and q1 ≤ q2 ≤ · · · ≤ qN .
Let S2n−1 be the set of all combinations of the product of any selection from {q1, . . . , qN}. Du-
plication of members in S2n−1 is not allowed. ⟨e∗2m−1a2n−1⟩ is nonzero for ∃s ∈ N, such that
(2s− 1)(2m− 1) = 2n− 1 (2. in proof of theorem 3). Thus, ∀n ≥ 2;

c2n−1 = −1 + r

2
√
r

(
r − 1

1 + r

)n−1

−
∑

q∈S2n−1\{2n−1}

cq

(
r − 1

1 + r

) 1
2(

2n−1
q

−1)
. (44)

If 2n − 1 is a prime number, S2n−1 = {2n − 1}. Then, c2n−1 = − 1+r
2
√
r

(
r−1
1+r

)n−1. For the other cases,
∃C2n−1 ∈ (0,∞), such that

|c2n−1| < C2n−1|c2n−1/q1 |
∣∣∣∣r − 1

1 + r

∣∣∣∣ 12 (q1−1)

. (45)

The relation is recursively applied to |c2n−1/q1 |, |c2n−1/q1q2 |, etc. Thus, |c2n−1| satisfies the following
condition, ∃C ∈ (0,∞), such that

|c2n−1| < C

∣∣∣∣r − 1

1 + r

∣∣∣∣ 12(
∑N

l=1 ql−N)
. (46)

From the theorem of prime factorization, the upper limit of N is log(2n − 1)/ log 3, and the lower limit
of

∑
ql is 3 log(2n− 1)/ log 3. Therefore, ∀n ∈ N; ∃C ∈ (0,∞), such that

|c2n−1| < C

∣∣∣∣r − 1

1 + r

∣∣∣∣log(2n−1)/ log 3

. (47)

Thus, d’Alembert’s ratio test (|c2n+1/c2n−1| < 1) indicates that
∑∞

n=1 |c2n−1| converges absolutely.

Theorem 7. r2n−1 = r (∀n ∈ N). Then, the following series uniformly converges

∞∑
n=1

c2n−1a2n−1. (48)

Proof. ∀n ∈ N; |a2n−1| ≤ max(
√
r, 1/

√
r) < ∞. Then, ∃A ∈ (0,∞), such that

∞∑
n=1

|c2n−1a2n−1| ≤ A
∞∑
n=1

|c2n−1|. (49)

From theorem 6,
∑∞

n=1 |c2n−1| converges absolutely. Thus, the series (48) uniformly converges.

Theorem 8. r2n−1 = r (∀n ∈ N)⇒

e1 =
∞∑
n=1

c2n−1a2n−1. (50)

Proof. Let d2n−1 be a complex coefficient. Assume e1 =
∑∞

n=1 d2n−1a2n−1, and also assume its uniform
convergence. ⟨e1e∗1⟩ = d1⟨a1e∗1⟩ = 1, and

⟨e1e∗2n−1⟩ =
n∑

m=1

d2m−1⟨a2m−1e
∗
2n−1⟩ = 0 (51)

for n ≥ 2. Then, dn = cn (n ∈ N). The series uniformly converges as proved in theorem 7.

Theorem 9. rn = r (∀n ∈ N)⇒

en =
∞∑

m=1

c2m−1a(2m−1)n (∀n ∈ N). (52)

Proof. Let e1(ω) and a2m−1(ω) be defined in ω ∈ [0, nΩ] (n ∈ N), and ωn = ω/n. From the definition,
e1(ω) for ω ∈ [0,Ω] is equal to e1(nΩ + ω) (n ∈ N), and a2m−1(ω) = a2m−1(nΩ + ω). This indicates
that the series expansion of e1 (theorem 8) can be defined in ω ∈ [0, nΩ]. e1(nωn) and a2m−1(nωn) are
equal to en(ωn) and a(2m−1)n(ωn), respectively. Thus, the series expansion by Eq. (52) is available for
ω ∈ [0,Ω].

Theorem 10. rn = r (∀n ∈ N)⇒
⊕∞

p=0X(ap) = L2.

Proof. ∀p, q ∈ N; eM(p,q) =
∑∞

m=1 c2m−1a(2m−1)M(p,q) (theorem 9). ∀m, q ∈ N; ∃qm ∈ N, such
that 2qm − 1 = (2q − 1)(2m − 1). Then, a(2m−1)M(p,q) is a basis belonging to X(ap) because of
M(p, qm) = (2m − 1)M(p, q). Thus, all the bases eM(p,q) in XF

p can be represented by a series of
the bases in X(ap). This indicates X(ap) ⊇ XF

p . Therefore, X(ap) = XF
p for all p ∈ N. Thus,⊕∞

p=0X(ap) = L2.

1


