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Trade-Offs among Dynamic Parameters Inferred
from Results of Dynamic Source Inversion
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Abstract

Dynamic rupture simulations have been performed in order to generate a
physically consistent slip distribution. In these simulations, an attempt has been made
to investigate the governing parameters, called dynamic parameters, of historical
earthquakes. However, it has been reported that the parameters are not estimated accurately when only the ground motion records are employed; this is because of the
trade-offs existing between the parameters, for example, between the strength excess
and the slip-weakening distance. In this article, we apply a dynamic source inversion
to 2D synthetic tests in order to discuss parameter trade-offs. Sensitivity tests, which
consist of numerous sets of inversions including a fixed stage and a released stage, are
conducted such that a particular set of estimation parameters is not estimated in the
fixed stage; then all of the parameters are estimated in the released stage. The results
imply trade-offs between the rupture time and other parameters. From detailed comparisons between slip rates and waveforms, it is observed that the shapes of the sliprate profiles between the rupture time and the peak time do not contribute well to the
generated waveforms. From a simple 1D assumption, a gradient of the slip-weakening
friction law, namely, a weakening gradient, is analytically related to the peak-torupture time with a 1 slope in the log–log plot. The values estimated from the synthetic tests almost mirror the values of the 1 slope. The results imply the trade-offs
between the weakening gradient and the peak-to-rupture time.

Introduction
Dynamic rupture simulations can generate a physically
consistent slip distribution based on tectonic loadings, fault
geometries, frictions, material properties, and other physical
quantities. Simulation models of historical earthquakes have
been investigated in order to understand the physical aspects
of the earthquakes (e.g., Miyatake, 1992b; Bouchon, 1997;
Aochi and Fukuyama, 2002; Harris et al. 2002; Dalguer
et al., 2002, 2003; Song and Beroza, 2004; Zhang et al.,
2004; Miyatake et al., 2004; Aagaard et al., 2004; and
Fukuyama and Mikumo, 2006).
In source modeling, the governing parameters are mainly
divided into stress parameters and frictional parameters.
A stress-time history, estimated from the slip distribution
inferred from the results of the kinematic source inversion
method, has been discussed with respect to the former parameters. Quin (1990) obtained a distribution of the dynamic
stress drop that matches with the kinematic results obtained
by trial and error for the 1979 Imperial Valley earthquake.
Further, Miyatake (1992a) determined the static stress drop
by solving the elastic equilibrium equation through the application of a slip distribution estimated from kinematic results;
they calculated the dynamic stress drop at 80% of the static
stress drop. They also discussed the peak stress determined

from the stress values at the rupture front. In addition, Bouchon (1997) proposed a technique for calculating stress-time
histories from a kinematic slip distribution and discussed the
stress parameters of four major events.
For frictional parameters, Ide and Takeo (1997) estimated a constitutive relationship from the slip displacements
based on the equation of motion. They found that the resolution of small slip-weakening distances was worse in deep
parts of a fault. Further, for estimating the slip-weakening
distance, Pulido and Irikura (2000) proposed an estimation
method that considers the temporal change in the apparent
stress. In addition, Mikumo et al. (2003) focused on the correlation between the peak time of the slip rate and the time of
the slip displacement that corresponds to the slip-weakening
distance. Moreover, scaling of dynamic parameters from
small (laboratory) to large (earthquake) has also provided
some information from experimental and theoretical points
of view (e.g., Ohnaka, 2003).
Recently, dynamic parameters are being directly estimated by comparing the observed waveforms of ground
motions with the synthetic waveforms calculated from the
dynamic parameters. An inversion method, which is based
on waveform comparison, is the dynamic source inversion
910

Trade-Offs among Dynamic Parameters Inferred from Results of Dynamic Source Inversion
method. Peyrat and Olsen (2004) applied a neighborhood algorithm for estimating the initial stress distribution of the
2000 Tottori earthquake. Goto and Sawada (2006a, 2006b)
theoretically selected a set of independent variables from dynamic parameters and proposed an inversion algorithm that
excludes dependent variables. However, it has been pointed
out that the waveforms generated by a particular set of dynamic parameters are indistinguishable from those generated
by another set of parameters because of parameter trade-offs,
for example, between the strength excess and the slip-weakening distance (Guatteri and Spudich, 2000), and between the
initial stress and the yield traction or the slip-weakening
distance (Peyrat et al., 2004, Corish et al., 2007).
Estimated dynamic parameters might comprise one set
of possible solutions detected from the data on bandlimited
waveforms. Therefore, understanding the trade-offs among
the dynamic parameters evaluated from observed waveforms is very important when developing dynamic source
inversions.
In this article, we focus on the trade-offs among the dynamic parameters inferred from the results of dynamic source
inversion. Two-dimensional synthetic tests are adopted to
efficiently perform a number of simulations. In addition,
sensitivity tests are applied in order to detect the parameter
trade-offs. Subsequently, the accurately estimated results are
selected in order to quantitatively clarify the trade-offs.

Dynamic Source Inversion Method
We summarize the dynamic source inversion method
presented by Goto and Sawada (2006a, 2006b). In this article, a 2D SH field is selected in order to calculate the rupture
propagations that are numerically simulated by solving
two governing equations, namely, a friction law and a representation of the traction change. Further, the external stress
field is assumed to be constant during the seismic rupture
propagation.
Let S be a single planar fault embedded in a 2D SH halfspace V (Fig. 1). x1 and x2 are the axes of a Cartesian system
and are aligned parallel and perpendicular to fault S, respectively. This article discusses the slip displacements produced
by antiplane shear Δux1 ; t occurring at time t, which propagates in the x1 direction. It develops perpendicular to the
plane formed by x1 and x2 .
A number of friction laws have been proposed by various researchers. One of the simplest is the slip-weakening
friction law proposed by Ida (1972). Despite its simplicity, it
appears to provide a reasonable representation of the basic
behavior of a fault rupture. Day et al. (2005) formulated
the following friction law by combining the associated flow
rule and softening (weakening):
T c x1   Tx1 ; t ≥ 0;
_ 1 ; t  0;
T c x1   Tx1 ; tΔux

(1)

Figure 1.
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Planar fault S embedded in 2D SH half-space V.
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(2)

where T denotes the traction; T c , the yield surface represented by the traction; T p , the initial value of the yield
surface, which is called the yield traction; T r , the residual
traction; and DC , the slip-weakening distance. The conventional representations of equations (1) and (2) are normalized
by the normal stress. However, we use the tractions explicitly
because the following numerical calculations do not consider
the changes in the normal stress.
A boundary integral equation (BIE) for a full-space field
is applied in order to define a representation of the traction
change from the initial traction. The explicit BIE for the 2D
SH field derived by Cochard and Madariaga (1994) is

μ
_ 1 ; t
Δux
2β
p
Z
Zt
_ τ  t  τ2  r2 =β 2
μ
∂Δuξ;

dξ
t  τ x  ξ
2π S
∂ξ
0

Tx1 ; t  T I x1  

× Ht  τ  r=βdτ;

(3)

where Ht represents the Heaviside step function; ξ, the
point on the fault where a unit load is applied; τ, the time
at which the unit load is applied; μ, the shear modulus; β,
the S-wave velocity; r, the distance defined by jx1  ξj;
and T I , the initial traction.
In the numerical simulation, equations (1), (2), and (3)
_ 1 ; t be represented as
are discretized. Let the slip-rate Δux
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_ 1 ; t 
Δux

∞ X
Nx
X

Δu_ ln · ϕl x1  · ψn t

T lr  T lI 

n1 l1



∞ X
Nx
X

Nx X
n1
X
μ
Δu_ ln 
Bjkln Δu_ jk
2β
j1 k1

for DlC ≤ Δuln :

Δu_ ln · ϕ0 x1  l  1Δx

(12)

n1 l1

· ψ0 t  n  1Δt;

(4)

where ϕ0 denotes a prescribed space function; ψ0 , a prescribed time function; Δx, the unit space shift; and Δt,
the unit time shift. Nx denotes the number dividing the fault
S. If ψ0 satisfies the causality condition (ψ0 t ≤ 0  0),
equation (4) becomes a bounded summation. Here, we
choose the following simple boxcar functions for the prescribed functions:
ϕ0 x1   Hx1  Δx=2  Hx1  Δx=2;

(5)

ψ0 t  Ht  Ht  Δt:

(6)

The friction law and the BIE are discretized as
T lc  T ln ≥ 0;

T lc  T ln Δu_ ln  0;

(7)

Equations (11) and (12) are converted into explicit representations of the slip displacement at t  nΔt.
Δuln  fla · Fln  flb
Δuln  Fln  flc

for Δuln < DlC ;
for DlC ≤ Δuln ;

(13)

(14)

where
Fln  Δuln1 

Nx X
n1
2β X
Bjkln Δujk  Δujk1 ; (15)
μ j1 k1




μ
Tl
 Bl ;
2βΔt DC


μ
Tl
flb  T l0  T lB 
 Bl ;
2βΔt DC
fla 

μ
2βΔt

flc 

2βΔt l
· T0:
μ

(16)

T lc 



T lp T lr
DlC

· Δuln  T lp

T lr

T ln  T lI 

for Δuln < DlC
for DlC ≤ Δuln ;

Nx X
n1
X
μ
Δu_ ln 
Bjkln Δu_ jk ;
2β
j1 k1

(8)

(9)

where Δuln is defined as
Δuln ≡ Δuln1  Δt · Δu_ ln :

Δuln  0

(10)

Here, T ln denotes the traction at x1  l  1=2Δx and
t  nΔt. Bjkln represents the integrated kernel. The simulation method that employs the discretized BIE (equation 9) is
known as the boundary integral equation method (BIEM).
At each instant, the fault plane is divided into two regions, namely, a slipping region and a locked region. In
the slipping region, the generated traction is constrained
on the yield surface, namely, T lC  T ln . Further, the discretized friction law (equation 8) and the discretized BIE (equation 9) are consolidated into the following two equations:
μ
Δu_ ln
2β
Nx X
n1
X
Δuln

Bjkln Δu_ jk  T lp  T lr  · l
DC
j1 k1

T lp  T lI 

for Δuln < DlC ;

In equation (16), T B and T 0 are defined as T B ≡ T p  T r and
T 0 ≡ T I  T r , respectively. T B represents the breakdown
stress drop; T 0 , the static stress drop. The parameters fa ,
fb , and fc are the variables that depend only on space
and not on time. F is calculated from the convolution of
the kernels and the slip time histories until t  n  1Δt.
In the locked region, the slip displacements are usually
represented as follows:

(11)

for T ln < T lp :

(17)

Goto and Sawada (2006a) pointed out the undesirable sensitivity at the rupture start if the rupture start is controlled by
T p , when the inversion of T p is performed. The slip displacement starts to develop when the generated traction is equal to
T p . However, when T p is estimated, the searching range may
not have been determined before the estimations because the
upper bound of the generated traction are not given. When
T p is set to be larger than the upper bound for an
element, the element becomes a barrier to the rupture. Then,
slip is not generated at the element. In contrast, when T p is
set to be smaller than the upper bound, the element can rupture. These two behaviors abruptly change between certain
values of the yield traction. Thus, the generated slips abruptly
disappear when the searched T p value exceeds the upper
peak of the traction.
Goto and Sawada suggested an alternative concept, that
is, to introduce the rupture start time tr as a criterion of the
rupture start instead of using T p as the criterion. The searching range of tr does not have an upper limit; it does not de-
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pend on the upper peaks of the generated tractions. This concept specifies the rupture time of each element; the rupture
time seems to be different from that obtained using
general spontaneous rupture simulation, which gives the distribution of the strength excess and generates the distribution
of the rupture time. However, inversion analysis is a procedure for modeling the dynamic rupture that has already been
given. We only make an attempt to find the distribution of the
strength excess or the rupture time in order to explain the
given dynamic rupture model. Furthermore, neither the
strength excess nor the rupture time can be given any priority
if they are associated with each other.
From the definition of tr , T 0 can be represented by a
function of tr and T B because the slip displacement satisfies
both equations (13) and (17) at tr  nr Δt
T l0  

μ
· Flnr  T lB :
2βΔt

(18)

Equations (13) and (14) are recursively applied to calculate
the slip displacement Δu for every time step when DC , T B ,
and tr are specified for the fault. Therefore, our objective is to
estimate the control parameters DC , T B , and tr .
The generated slips cause a seismic wave in the surrounding medium. The synthetic seismic waves are represented by a convolution of slips and the first space
derivatives of Green’s function. In the dynamic source inversion method, the misfit between the synthetic and observed
waveforms is minimized. In order to assess the misfit, the
following nonlinear objective function is applied:
J

X ∥uns  uns x∥2
ns

∥uns ∥∥uns x∥

→ min;

(19)

where u and u denote the vectors of the observed and synthetic waveforms at each site ns, respectively; x indicates a
vector of the space distribution of the estimation parameters.
The equation (19) definition of J is different from that given
by Goto and Sawada (2006a). This is because the original
definition of J does not constrain the results preferring to
be no rupture propagations. For example, the J value obtained from the original definition becomes constant when
the estimated parameters do not generate a rupture. In such
a case, the parameters constitute the local minimum solution.
In order to avoid such a situation, we apply the alternative
definition of J in which J increases when the generated
waveforms are quite small.

Multiscale Inversion Technique
For the inversion analysis, Goto and Sawada (2006b)
applied a multiscale technique by introducing the Walsh
function. φk x is a multistep function whose value is 1
or 1 defined in x  0; 1 (Walsh, 1923). Let ai be a discrete function (i  0; ; N  1), where N denotes the number of discretizations of the fault length L. ai can be
expressed as a series of Walsh functions, φk x, as follows:

ai 

N1
X

913

a^ k · φk

k0

 
i
;
N

(20)

where a^ k indicates the coefficient of the kth-order Walsh
function φk x, placed in sequence according to the Walsh
order. The zero-order Walsh function, φ0 x, is a constant
( 1). Assume that the scale length of a Walsh function
equals the minimum length of the continuous values of 1
or 1; that is, let the scale lengths of φ0 , φ1 , and φ2 be
L, L=2, and L=4, respectively. The relation between the scale
length ls and the order k is
lsm 

L
2m

for 2m1 ≤ k < 2m :

(21)

If N can be expressed as an integral power of 2, the summation in equation (20) can be separated by a series of summations with the same scale lengths,
 
  2X
 
2 1
i
i
i
 a^ 1 · φ1


ai  a^ 0 · φ0
a^ k · φk
N
N
N
k2
 
N1
X
i
;
(22)
a^ k · φk

N
kN=2
and the mth scale approximation is defined as follows:
 
 
m 1
2X
i
i
m
 
:
(23)
a^ k · φk
a i ≡ a^ 0 · φ0
N
N
m1
k2

Thus, the mth scale approximation does not have a scale
length smaller than ls. In the multiscale inversion analysis,
the dynamic parameters are represented by equation (23).
Further, a steep change in the dynamic parameters connecting the constant parts of a Walsh function is not directly
related to the generation of a high-frequency component, because a continuous slip distribution is guaranteed on the basis
of the equation of motion. For a 2D fault, a series of Walsh
functions is applied to two mutually perpendicular directions; the representation becomes a double summation of
the series similar to a 2D Fourier series.
The multiscale inversion technique estimates the parameters from a low scale to a high scale. Figure 2 shows a schematic diagram of this technique. The initial parameters are
set at a 0i , and by using the conjugate gradient method, a suitable coefficient a^ 0 is estimated by solving the optimum problem defined by equation (19). Then the estimated results are
applied recursively to the initial parameters in the next higher
scale. A different low-pass filter is applied for the observed
waveforms in each scale because the detectable scale length
of an estimation parameter corresponds to the frequency
range of the observed waveforms. Goto and Sawada
(2006b) defined the threshold frequency fm as being related
to the scale length according to the following relationship:
fm 

β
:
lsm

(24)
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Figure 2. Schematic diagram of the multiscale inversion technique. Additional inversion steps with an intermediate frequency range are
introduced in order to avoid a jump in the threshold frequency.
However, a jump in the threshold frequency between scales
may interrupt the seamless evaluation of the estimated parameters. One method to avoid such a jump is to introduce
additional inversion steps with an intermediate frequency
range that is half of the threshold frequency, as shown in
Figure 2.

Models
A planar fault, whose length is 12 km, top depth is 3 km,
and dip angle is 80°, is embedded in a 2D SH half-space with
a density ρ of 3100 kg=m3 and S-wave velocity β of
3820 m=sec (Fig. 3). The space element Δx is set at
93.75 m, which is independent of the scales of the inversion
analysis, and has a time interval of Δt  0:01 sec. Further,
no contributions of the free surface to the rupture propagation are assumed because the fault does not come in contact
with the free surface and the high fault dip of 80° is assumed
(e.g., Goto et al., 2008). Synthetic waveforms are compared
at 10 observation sites located at 2 km intervals along the free
surface. The waveforms are the convolution of the slip time
histories and theoretical Green’s functions for the homogeneous half-space. In the inversion analysis, the distributions
of dynamic parameters on the fault are estimated on the basis
of the synthetic waveforms at the 10 sites.
Three distributions of the dynamic parameters, namely,
models A, B, and C, are assumed in order to calculate the
synthetic waveforms (Fig. 4). All models that are located
at a distance of 6375–7500 m from the fault top have a nucleation zone length of 1125 m. In each zone, the static stress
drop, T 0 , is 11.0 MPa, and the breakdown stress drop, T B , is
10.0 MPa. Model A and B both have a single high-stressdrop region and a single region with a short slip-weakening
distance: In model A, the former and latter regions are

located in the fault-width ranges of 6000–9000 m and
3000–9000 m, respectively; in model B, both the regions
are located in the fault-width range of 3000–6000 m. Model
C has the same distributions of the breakdown stress drop
and the slip-weakening distance as model A, while the rupture velocity is set to be constant with 80% of the S-wave
velocity by controlling the static stress drop. If the generated
slip displacement is shorter than the modeled slip-weakening
distance, the final slip displacement is regarded as the slipweakening distance, and the related traction change is
regarded as the breakdown stress drop. Consequently, the

Figure 3. Model of the 2D synthetic tests. A planar fault
(length: 12 km, top depth: 3 km, and dip angle: 80°) is embedded
in a 2D SH half-space. Ten observation sites are located at 2-km
intervals along the free surface.
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Figure 4. Three distributions (model A on the left, model B in the center, and model C on the right) of the dynamic parameters, namely,
the breakdown stress drop, static stress drop, slip-weakening distance, and rupture time.
distributions of slip-weakening distances and stress drops
beside the fault edges are reduced, as shown in Figure 4a,
b. The average rupture velocities are about 2000 m=sec
for model A and 1500 m=sec for model B. For model C,
the rupture velocity is constant at 3056 m=sec. The generated
rupture propagation for model B is slower than that for
models A and C.

Numerical Tests and Discussions
In general, the trade-offs among estimation parameters
are discussed for nonlinear optimization problems. For dynamic source models, several researchers have discussed
the trade-offs that must be made among dynamic parameters
in order to represent synthetic waveforms. Guatteri and Spudich (2000) pointed out a trade-off between the strength
excess (T p  T I ) and the slip-weakening distance (DC ) by
modeling a hypothetical event of the 1979 Imperial Valley
earthquake. They discussed the possibility of stably estimating the fracture energy. Peyrat et al. (2004) estimated the
dynamic rupture process for the 1992 Landers earthquake.
They assumed one asperity model and two barrier models.
For the asperity model, which had a constant yield traction

and slip-weakening distance, the distribution of the initial
traction was estimated. For the barrier models, which have
a constant initial stress, either the yield traction or the slipweakening distance was estimated. All of the three models
are estimated models. They are generated from synthetic data
that agree well with the observed strong ground motion
records, InSAR and the GPS data. It was concluded that
the observed data could not indicate which model was adequate. Corish et al. (2007) performed synthetic tests on the
nonlinear rupture inversion method for a hypothetical event
of the 2000 western Tottori earthquake. They estimated the
distributions of the initial traction and the slip-weakening
distance, while the yield traction and the residual traction
were assumed to be constant. In their results, a positive linear
correlation was found between the mean initial traction and
the slip-weakening distance.
A multiscale inversion analysis is carried out from the
zero scale to the second scale, and it is found that the resolution of the analysis is 3 km after the second scale. The estimation parameters are DC , T B , and the rupture velocity
distribution vr instead of tr . vr is considered instead of tr
because the rupture time distribution is generally not constant.
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In contrast, when the rupture velocity distribution is represented by the zero scale approximation of its Walsh series,
it is equivalent to the representation in which the rupture time
is proportional to the distance from the hypocenter. Therefore,
we regard the rupture velocity as the rupture time in the following discussions. For each scale, the conjugate gradient
method is applied to obtain the optimum solution of equation (19). The initial values are set to be DC  0:2 m and
T B  4:0 MPa. Three cases of rupture velocity vr  0:9β
(Case-vr90), 0:7β (Case-vr70) and 0:5β (Case-vr50) are
tested. This implies that three different inversions of the
same data are conducted. In addition, a comparison is made
between the observed and synthetic velocity waveforms.
Numerical tests are performed in order to investigate the
trade-offs among the dynamic parameters by applying sensitivity tests. The tests consist of two stages, namely, the
fixed and the released stages, as described next (Fig. 5). The
particular set of estimation parameters selected is not identified in the fixed stage. These parameters are not estimated
in the fixed stage, while the other parameters are estimated.
All the parameters, including the selected parameters, are
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evaluated in the released stage. For every scale, the tests are
performed with fixed and released stages.
If a particular parameter set includes the set of trade-off
parameters, the generated waveforms become almost identical. Therefore, when the trade-off parameters are estimated
from the waveforms by using the parameter set, there are
many local minima in the objective function J. In such a problem, the probability of reaching the local minimum of J
increases, and the iteration number of the conjugate gradient
method decreases. Then the use of a large number of iterations indicates that J becomes a less local minimum function,
and the parameter set does not include the set of trade-off
parameters. Basically, all the three dynamic parameters
should be estimated because they are mathematically independent. However, when the fixed stages are omitted, the
estimated parameters immediately reach the minimum solution, as discussed later. Therefore, the local minimum is reduced by introducing the fixed stage, and the suitable values
are searched in the solution space. Then, in the released
stage, the local minimum is searched around the estimated
values in the fixed stage.

Figure 5. Schematic diagram of the sensitivity tests including the fixed stage and the released stage. It illustrates one of the cases wherein
the rupture velocity is a fixed parameter (vr ). The particular set of estimation parameters selected is not identified in the fixed stage. These
parameters are not estimated in the fixed stage, while the other parameters are estimated. In the released stage, all the parameters including the
selected parameters are evaluated.

Trade-Offs among Dynamic Parameters Inferred from Results of Dynamic Source Inversion
Some pairs of parameters among the dynamic parameters may have a trade-off relationship. If the selected parameters include one of the pairs, the other pairs are more
variable in the estimation process. In order to find a tradeoff pair, we will examine how variable a parameter is; that
is, we will conduct a sensitivity test. Figure 6 (for Case-vr50)
and Figure 7 (for Case-vr90) show the convergence histories
for the breakdown stress drop, the slip-weakening distance,
and the rupture time, which are represented by a root mean
square (rms) between the target distributions and the estimated distributions normalized by the target distributions.
The total number of iterations is counted through the applied
multiscale steps. The number of iterations can be regarded as
an index of the difficulty in reaching a local minimum, because iterations continue until the difference between the previous and present values becomes quite small. Here, we
define [ ] as the notation for a set of fixed parameters. In these
figures, the cases [vr ], [DC ], and [T B ] are compared. No fix
indicates the results of a conventional inversion without the
fixed stage. If we did not introduce the released stage, it
would have been meaningless to discuss the rupture time
in the case [vr ] by Figures 6 and 7. However, in this article,
the parameter values are modified in the released stage. For
example, the rms value of [vr ] for the rupture time (Fig. 6c) is
almost constant through the fixed and released stages. From
the definition of the fixed stage, the rms value must be
constant in the fixed stage, while the values are not well up-
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For models A, B, and C, a larger number of iterations
were required for the case of [vr ] than for the other cases.
Cases [DC ] and [T B ] require a similar number of iterations
as those required by the no fix case. For example, in Figure 6a
of model A, which shows the relation between the rms value
for the estimated dynamic stress drop and the number of
iterations, the number of iterations related to [vr ] is four
times larger than those related to the other cases. A rapid
decrease in the rms value implies a good performance by
the inversion method. For Case-vr50 (Fig. 6), the rms value
for the [vr ] of model A decreases with the progression of
iterations, while that for [vr ] of model B increases. This may
be because for model B, the initial rupture velocity is almost
similar to the target velocity (Fig. 4). For Case-vr90 (Fig. 7),
a decrease in the rms value for the [vr ] cases of model A and
model B is observed for the breakdown stress drop and
the slip-weakening distance, while a constant rms value is
observed for the rupture time.
According to the sensitivity test results, the rupture parameter (that is, the rupture velocity or the rupture time) has
different characteristics from those of the other parameters.
This implies that either the slip-weakening distance or the
breakdown stress drop has a trade-off relationship with
the rupture parameter. If the initial values of the rupture velocity are close to the target values, the rms value for every
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Figure 6. Convergence histories of (a) the breakdown stress drop, (b) the slip-weakening distance, and (c) the rupture time are represented by the rms value for Case-vr50 (model A on the left, model B in the center, and model C on the right). [ ] indicates a set of fixed
parameters.
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parameter decreases, as shown in Figure 6. However, the
estimated values are not guaranteed to be exact because
the target value for the rupture velocity is not specified in
most cases. An inadequate initial rupture velocity may cause
the estimated results to a local minimum. Figure 8 shows the
final J values (equation 19) normalized by the initial J value.
All cases of parameter selection in the fixed stage are tested
and their final J values are compared. For example, the comparison between no fix and vr ; T B  shown on the left side in
Figure 8 implies that when all parameters are allowed to be
free, a poorer waveform fit is obtained than when vr and T B
are fixed. It is not possible to obtain the converted solutions
for all of the cases in our attempts considered here, but the
cases including vr in the fixed parameters yield small J
values. Figure 7 shows the constant rms value of the rupture
time resulting from the iterations. It implies that the other
parameter in the trade-off pair, either the slip-weakening distance or the breakdown stress drop, may be varied in order to
generate small J values.
The previously discussed results are consistent with the
trade-off between the strength excess and the slip-weakening
distance in the previous studies (Guatteri and Spudich, 2000)
because the role of the strength excess is equivalent to that of
the rupture time.
Figures 9 and 10 show the distributions of the estimated
parameters and the estimated waveforms (0.0–1.2 Hz), respectively, for model A of the [vr ] cases, namely, Case-vr50
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Figure 8. Final J values normalized by the initial J values for
model A, model B, and model C.
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and Case-vr90. Figures 9 and 10 also present the target distributions of the parameters and the target waveforms,
respectively. The slip-weakening distance shown in Figure 9
is distributed with gradual changes around both of the fault
edges because the slip-weakening distance is defined to be
equal to the final slip displacement when the generated slip
is shorter than the given slip-weakening distance. This is
because we cannot uniquely identify the slip-weakening distance, and it can take an arbitrary value, even larger than the
final slip displacement. Likewise, the stress drops are also
treated. The region of the high breakdown stress drop is
detected accurately for both cases, while its magnitude varies
from half to twice the target values. In addition, the slipweakening distance and the rupture time are underestimated
by about half the target values. However, the difference
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Figure 10.

Estimated waveforms and targets for model A of
vr  cases for Case-vr50 and Case-vr90.

between the waveforms calculated from the estimated parameters and the target parameters is insignificant. Therefore, on
the basis of the waveforms, it is impossible to tell which of
the three models presented here is the best.
In order to understand the reasons for the previously discussed results, the time histories of the estimated slip rates are
compared at three locations, namely, 2 km, 4 km, and 6 km
from the top of the fault, as shown in Figure 11. The time that
gives the peak slip rates for the two estimated results, called
the peak time, corresponds well to the target, while the shapes
between the rupture time and the peak time, called growing
shapes, are different. The slip rates for the target grow rapidly,
while those for Case-vr90 grow slowly. It is recognized that
the difference in the growing shapes has a small effect on the
synthetic waveforms, as shown in Figure 10.
We consider one of the simple examples, shown in
Figure 12, in order to explain the relation between the tradeoffs and the difference in growing shapes. In the example, we
focus on a peak value of superposed slip rates because a
waveform on a free surface originates from the superposition
of slip rates with a time-shift due to the rupture velocity. In
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Figure 9. Distributions of estimated parameters and targets for
model A of vr  cases for Case-vr50 and Case-vr90.

Figure 11.

Comparison of the time histories of the estimated
slip rate at 2 km, 4 km, and 6 km from the top of the fault. The
growing shapes between the rupture time and the peak time are
different.
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Figure 12.

Schematic diagram illustrating the contribution of growing shapes to superposed slip rates. The color version of this figure is
available only in the electronic edition.

Figure 12, rupture processes without and with significant
growing shapes are shown on the left and right sides, respectively. If the peak values of the superposed slip rates are equal
(p1  g1  p2  g2 ), it is difficult to identify which process
is correct. Because the value of the superposed slip rate for
growing shapes is much smaller than the peak values, a small
estimation error in the peak slip rate generates much variation
in the rupture time. Therefore, the variation in the rupture
times does not significantly contribute to the waveforms.
It is implied that the generation of different growing
shapes with the same peak time is related to parameter
trade-offs. Here, we focus on the analytical slip-rate time histories for a simple 1D assumption, namely, a constant slip
rate over the entire fault plane (see Appendix A). When
the slip displacement at the peak time tp is equal to the
slip-weakening distance, the following relation is derived
among the parameters:


2β T B
TS
;
· t  tr    log
TB  TS
μ DC p

element of 93.75 m width. The size of the circular symbol
shows the magnitude of the peak slip rate in order to
emphasize that a small slip rate does not contribute to the
waveforms. The distribution almost mirrors the 1 slope
between the peak-to-rupture time, tp  tr , and the weakening
gradient T B =DC .
tp  tr and T B =DC comprise the trade-off pairs of
the rupture parameter and the other parameter, as discussed
in the previously introduced studies; the weakening gradient has not been addressed. Further, the slip-weakening

(25)

where T S ≡μ=2β · Δu_ 0  is an instantaneous stress drop just
at the rupture time, where Δu_ 0 is the initial slip rate at the
rupture time tr . T B =DC implies a gradient of the weakening
curve. The argument of the logarithm on the right side
depends on the instantaneous stress drop normalized by
the breakdown stress drop. If the ratio is constant, T B =DC
is related to tp  tr with a 1 slope in the log–log plot.
In order to compare the previously discussed relation
with the estimated results, the cases that were estimated well,
whose final J values are less than 0.5% of the initial values,
are selected from models A, B, and C. Figure 13 shows the
relations between tp  tr and T B =DC , normalized by each
target value. From each inversion result, we can plot 128
points in Figure 13, because tp  tr values vary inside the

Figure 13.

Relationship between the peak-to-rupture time and
the weakening gradient, which is normalized by each target value.
The size of the circular symbol shows the magnitude of the peak
slip rate.
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distance, which is longer than the generated slip displacement, cannot be detected according to its aforementioned
definition.
For the same reason, the breakdown stress drop and the
fracture energy cannot be detected if the generated slip does
not exceed its own DC and the generated breakdown stress
drop does not exceed its own T B . On the other hand, the
weakening gradient is uniquely determined and is independent of the generated slip displacement. Then, the weakening
gradient and the peak-to-rupture time should be selected for
discussions on trade-offs because these parameters are uniquely determined.

Conclusions
We have applied dynamic source inversion to 2D synthetic tests in order to discuss parameter trade-offs. The
results of the sensitivity tests, which consisted of numerous
sets of inversions including a fixed stage and a released stage,
imply trade-offs between the rupture parameter and the other
parameters. It has been discovered from detailed comparisons of slip rates and waveforms that the growing shapes
between the rupture time and the peak time do not contribute
well to the generated waveforms. From a simple 1D assumption, the weakening gradient has been found to be analytically related to the peak-to-rupture time with a 1 slope
in the log–log plot. In addition, the estimated values from the
synthetic tests almost mirror the 1 slope.
For real earthquakes, the trade-offs may disturb the
stable identification of the dynamic parameters. The values
of the parameters should not be investigated from only bandlimited and noisy waveform data. In order to resolve this
problem, it may be necessary to introduce some additional
information obtained from small-scale experimental data,
and/or to correct a number of estimated results in order to
decrease the number of possible solution sets.

Data and Resources
No data were used in this article. Some plots were made
using the Generic Mapping Tools version 4.3.1 (www.soest
.hawaii.edu/gmt; Wessel and Smith, 1998).
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As a hypothetical situation, we assume space distributions of slip rates to be constant. This is called a 1D assumption. From equation (3), the BIE in the 1D assumption is
written as the following simple formulation by reducing
the space integration:
μ
Δu_ 3 t:
2β

(A1)

The system of equations, which consists of the friction law
(equations 1 and 2) and the BIE (equation A1), can then be
solved analytically. The time history for the slip rate is the
solution of the following first-order differential equations:
Δu3 t  0

Δu3  0 at t  0
Δu3  DC

Δu3  0

at t  tr

at t  tp :

Δu3 t  0 for t < tr
 


D T
2β T B
Δu3 t  C S exp
· t  tr   1
TB
μ DC
for tr ≤ t ≤ tp
2β
T  T S  · t  tp   DC
μ B

for tp < t:

(A2)

where T S  μ=2β · Δu_ 0 , which implies an instantaneous
stress drop precisely at the rupture time, and Δu_ 0 represent

(A4)

In the 1D assumption, the slip rate for t → ∞ is still finite.
The reason is that the overestimation of a distant region on
the fault plane is overestimated due to a reduction in the
space integration from the original BIE in equation (3). However, the effect of the overestimation is expected to be less
around the rupture time than t → ∞ because the influence of
distant regions is limited.
From the second equation in equation (A4), the following relation is required in order to satisfy Δu3 tp   DC :


2β T B
TS
· tp  tr    log
:
TB  TS
μ DC

for t < tr

μ
T
Δu_ 3 t  B Δu3 t  T S for tr ≤ t ≤ tp
DC
2β
μ
Δu_ 3 t  T B  T S for tp < t;
2β

(A3)

The analytical solutions for equations (A2) and (A3) are as
follows:

Δu3 t 

Appendix A

Tt  T I 

an instantaneous slip rate applied precisely at the rupture
time tr .
The initial conditions are defined for each equation in
equation (A2) as follows:
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